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The Truchet Tiles and the Diamond Puzzle 

The study of tiling or tessellation patterns is an interesting topic with interest both in the A comment 

field of science and technology , as well as art and design . In today's entry of the Scientific 
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Culture Notebook we are going to focus on tessellation patterns with a single type of tile –or 
math 

tessera-, but which is also extremely simple, the one known as “Truchet tile”. It is the square 

tile divided diagonally into two triangular areas of two different colors, for example, gray and 

black, like the one that appears in the image. Subscribe to our newsletter to receive daily updates and 

other news. In this link you will find other alternatives for the 

subscription. 
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latest articles Truchet tile 

Prevention of suicidal behavior in young people using dogs 

alien weapons In the book The Sense of Order (1979) by the Austrian-born British art historian Ernst H. 

Winning strategies in a couple of card games Gombrich (1909-2001), known among other works for his famous History of Art (1950), some 

Einstein and the photoelectric effect of the pattern designs are reproduced of tessellations made with this tile that appear in the 

Thermoplastics based on PAEK resins for electrical aviation book Method for making an infinity of different designs with squares of two colors separated by a 

diagonal line (1722), by the French Carmelite father Dominique Doüat (18th century). 

Illustrations of tiling patterns, with a Truchet tile, from the book Method for Making an Infinity of Distinct Designs with Squares 

of Two Colors Separated by a Diagonal Line (1722), by Dominique Doüat 

These are just two of the seventy-two tiling pattern designs included in Doüat's book (see 

the bibliography for a link to a facsimile edition with extracts and another to the complete 

work that can be consulted), which is a text in the that a combinatorial analysis of the tiling 

that can be generated with that tile is carried out. Father Doüat begins by naming the four 

orientations of the tile as A, B, C and D, as shown in the image. 

The four possible orientations of the Truchet tile, named by Doüat as A, B, C and D 

From that moment on, the Carmelite dedicated himself to carrying out a combinatorial anal y 

sis with the letters A, B, C and D, starting with the simplest cases, which is the only way to 

classify in a certain order, between pages 20 and 189 (on many occasions they are pages with 

lists of letters). For example, the possible tiling with only two tiles (horizontally) would be 

sixteen (four possibilities for each position, four squared): AA, BB, CC, DD, AB, BA, CA, DA, 

AC, BC, DC , AD, BD, CD, DC. At the end of the work, illustrations related to this combinatorial 

analysis are included. For example, the following illustration shows the four tilings of a sin g 

le tile (which are the four possible orientations) and two tiles (horizontally), which are the 

ones that correspond to the previous list of sixteen. 

Page from the book of the Carmelite father Dominique Doüat that contains tiling with a single tile, or with two tiles, using 

the Truchet tessera 

The next analysis that is carried out is that of the possible tilings with three tiles (horizon t 
3 ally), which is equal to 4 = 64 (four possibilities –A, B, C, D- for each position), as shown in 

Fig. following table. 

Page from Dominique Doüat's book containing tiling with three tiles using the bicolor square tessera 

4 While the possible tiling patterns with four tiles (horizontally) are 4 ​​= 256. Let us take ad v 

antage of this analysis to comment on the possible tiling patterns of a 2 x 2 square pave m 

ent using four bicolor square tiles. If we think about it, we can see that we have four possi b 

le positions for our tiles, top left, top right, bottom left and bottom right, then it comes 

down to analyzing the possible ways to place Truchet tiles, with its four orientations (A, B, C 

and D) in those four positions. The solution is exactly the Doüat analysis, so the possible 

tessellation patterns of the 2 x 2 square pavement would also be 256. 

Let's look at some of these patterns. For example, if we consider tiles of the 2 x 2 square 

pavement with the four different tiles, that is, the four tiles appear oriented A, B, C and D, 24 

different tiling patterns are obtained, the permutations of (A, B, C, D): ABCD, ABDC, ACBD, 

ACDB, ADBC, ADCB, BACD, BADC, BCAD, BCDA, BDAC, BDCA, CABD, CADB, CBAD, CBDA, 

CDAB, CDBA, DABC, DACB, DBAC, DBCA, DCAB and DCBA. And the illustrations (concrete tes s 

ellations) that correspond to these letter codes are as follows. 

These are the 24 tiling patterns with the four different tiles, but if we can repeat tiles, we get 

to the 256 mentioned . A few more are shown in the following image. 

The larger our pavement, the more complex the analysis will be. Here are some illustrations 

of 12 x 12 tile tiling from the book Method for Making Countless Different Designs Using Two- 

Color Squares Separated by a Diagonal Line , along with their expression using the letters A, B, 

C, and D. 

Regarding the general classification of tiling patterns, clearly, the number of different pat t 
n erns for a pavement with n tiles is 4 , which we can describe with the corresponding 

strings of letters. 

Illustration of a tiling pattern, with a Truchet tile, from the book Method for making an infinity of different designs with squares 

of two colors separated by a diagonal line (1722), by Dominique Doüat 

The tiled floors of Truchet 

Although research work on tiling patterns with the simple square tessera of two colors di v 

ided by the diagonal was started by the French Dominican priest Sebastien Truchet (1657- 

1729) in his publication Memory on Combinations , published in Histoire de l'Académie Royale 

des Sciences de Paris , in 1704. 

Sebastien Truchet himself explains at the beginning of his work how it occurred to him to 

start investigating the combinatorics of these tiling patterns: 

During the last trip I made to the Orleans canal by order of His Royal Highness, at a castle 

called Motte St. Lye, 4 leagues this side of Orleans, I found several ceramic tiles that were in t 

ended to tile the floor of a chapel and from several other apartments. They were square in 

shape, divided by a diagonal line into two colored parts. In order to form nice designs and 

patterns by arranging these tiles, I first examined the number of ways these tiles could be 

joined in pairs, always in a checkerboard arrangement […]. 

From the historical point of view we must bear in mind that, although some concepts and 

techniques of combinatorics have been studied since ancient times, the origin of modern 

combinatorics can be established in the 17th and 18th centuries, thanks to the work of math e 

maticians such as Frenchman Blaise Pascal (1623-1662), German Gottfried Wilhelm Leibniz 

(1646-1716), who published the text De Arte Combinatoria (1666), the British Isaac Newton 

(1643-1727), the Swiss Jacob Bernoulli (1655-1705) or the Swiss Leonhard Euler (1707-1783), 

who initiated or developed the study of many areas of combinatorics (the theory of graphs, 

Greco-Latin squares, partitions, the problem of the horse's path, etc), among others. 

Therefore, the works of Sebastien Truchet and Dominique Doüat appeared in full develop m 

ent of the theory of combinatorics. 

Illustration of a tiling pattern, with a Truchet tile, from the publication Memory on Combinations (1704), by Sebastien 

Truchet 

Clearly, the best way to achieve beautiful patterns -as we can see, for example, in many texts 

on quilt designs- is to work directly with the two-tone square tiles in all four orientations (A, 

B, C and D), but from the From a mathematical point of view, working with the letters, as 

Doüat did, allows a better analysis of the combinatorial possibilities and helps to distin g 

uish one from the other , since the list of letters becomes the code that allows us to identify 

each tiling. 

Quilt made with "Truchet squares" -or triangles of half squares, as they are called in quilt manuals-. Carried Away Quilting 

Page Image 

Another question that we can take into account when studying tessellation patterns is what 

type of symmetry they have . For example, if we continue with the 2 x 2 square pavements, 

although we only pay attention to the 24 tiling patterns (of the 256 in total) with the four dif f 

erent tiles that we have described above, we can observe that there are different types of 

symmetries . For example, the ABCD, CDBA, BCAD and DACB patterns remain invariant, that 

is, they do not change, even if we rotate them by 90, 180 or 270 degrees. They have a rota t 

ional symmetry of 90 degrees. 

The ADBC, CBDA, BACD and DCAB patterns are kept invariant by 180 degree rotations . They 

have a rotational symmetry of 180 degrees. Although we note that if we make a 90-degree 

turn, we do not get the same pattern, but a similar pattern with a change in colors (turning 

ADBC ​​90 degrees gives CBDA and vice versa, and turning BACD 90 degrees gives DCAB and 

vice versa, which are patterns with the colors changed). 

Another type of symmetries that we can consider are the symmetries (specular) with respect 

to a line , that is, what is on one side and the other with respect to the line is the same (its 

mirror image, as if the line were the mirror). For example, the DABC pattern has symmetry 

about the vertical line through the center, as shown in the image. 

In this sense, we have that the DACB and BCAD patterns, which we know to have a rotational 

symmetry of 90 degrees from what we have seen above, have mirror symmetry with respect 

to four lines that pass through the center of the square, the two horizontal and vertical lines, 

thus as the two diagonals of the square. 

The BACD and DCAB patterns have mirror symmetry with respect to the two diagonals, the 

ADBC ​​and CBDA patterns with respect to the vertical and horizontal lines that pass through 

the center of the square, the ACBD, BDAC, CABD and DBCA patterns with respect to the hori z 

ontal line that passes through the center and BCDA, CBAD, DABC and ADCB with respect to 

the vertical passing through the center. In total, fourteen patterns are mirror symmetry with 

respect to lines, which appear in the following image. 

In short, of the 24 tiling patterns with the four different tiles, we find that 16 have some rota t 

ional or mirror symmetry, which are the "normal symmetries", while there are 8 patterns 

(the ones we see in the following image) that do not have any rotational or mirror symmetry. 

none of these symmetries. 

Seen together these 8 patterns, we can perceive that they have a certain type of symmetry. 

Specifically, they have symmetry with color change . The first four patterns have a mirror 

symmetry with respect to the horizontal line that passes through the center, but with a 

change in color, that is, the areas that are white on one side, black on the opposite side, and 

vice versa. While the last four patterns have a mirror symmetry with respect to the vertical 

line that passes through the center. 

In conclusion, all tessellation patterns for a square pavement of size 2 x 2 have normal sym m 

etry or symmetry with color change. This is precisely the simple version of what is known 

as the diamond theorem, which we describe below. 

diamond theorem 

Diamond theorem (2 x 2 version) : Let D be the figure formed by the black diamond, con s 

tructed with the four different orientations of the Truchet bicolor tile, shown in the follow i 

ng image: 

If G is the group of 24 permutations of the four squares (tiles) of D, then the image of D by 

any of the elements of the group G gives rise to a figure that has normal symmetry or sym m 

etry with color change. 

But this is only a simple version, which will allow us to better understand the normal ver s 

ion of the true diamond theorem, which we explain below. 

Let D now be the figure of four black diamonds on a 4 x 4 square that we show in the follow i 

ng image and whose letter code is DADACBCBDADACBCB, 

and let G be the group of 322,560 transformations generated by the permutations of any two 

rows of the 4 x 4 square, the permutations of any two columns, or the permutations of any 

two 2 x 2 quadrants. For example, if we apply the permutation of the middle columns to fig u 

re D, then the permutation of the middle rows, then the permutation of the lower left and 

upper right quadrants, and finally the permutation of the two outer rows, the result is the 

following figure. 

The diamond theorem, by the American mathematician Steven H. Cullinane (1942), says the 

following. 

Diamond theorem : All the images obtained by any of the 322,560 transformations of the 

group G of figure D have normal symmetry or symmetry with color change. 

For example, the previous image has mirror symmetry with color change with respect to the 

horizontal and vertical lines that pass through the center. 

Or the following figure obtained by permuting the first two rows, then the two columns on 

the right, then the upper left quadrant with the lower right, and finally the two central col u 

mns, has a rotational symmetry of 180 degrees with color change. 

Or, for example, the figure below has both rotational and mirror symmetries. 

But we have not said how to obtain the previous figure from the original figure of the four 

black diamonds. This is a problem, or a diversion, that Steven H. Cullinane himself poses as a 

puzzle and that he baptizes with the name "diamond 16 puzzle". 

Diamond puzzle 16 : First build 16 two-color Truchet tiles on cardboard, obtain one of the 

figures in the left column, in the following image, and try to transform it into the corre s 

ponding figure in the right column, using the transformations of the theorem of the dia m 

ond, that is, permutations of any two rows, any two columns, or any two 2 x 2 quadrants. 

If you don't want to build the Truchet tiles and play the 16 diamond puzzle with them, you 

can do it in the online version that is included in the bibliography. 

We end with the image of a quilt made using a tessellation design with the bicolor square 

structure, with the two colors separated by the diagonal, the Truchet tile. 

Quilt titled “Blue tango” from Louisa Enright 's blog 
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