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A plurality of axiomatic systems can be interpreted as referring to one and
the same mathematical object. In this paper we examine the relationship between
axiomatic systems and their models, the relationships among the various axio-
matic systems that refer to the same model, and the role of an intelligent user
of an axiomatic system. We ask whether these relationships and this role can
themselves be formalized.

1. Introduction. The objects of mathematics, objects such as the real
line, the triangle, sets, and natural numbers, share the property of re-
taining their identity while receiving axiomatic presentations which may
vary radically. Mathematicians have axiomatized the real line as a one-
dimensional continuum, as a complete Archimedean ordered field, as a
real closed field, or as a system of binary decimals on which arithmetical
operations are performed in a certain way. Each of these axiomatizations
is tacitly understood by mathematicians as an axiomatization of the same
real line. That is, the mathematical object thereby axiomatized is pre-
sumed to be the same in each case, and such an identity is not questioned.
In this paper we wish to analyze the logical conditions that make it pos-
sible that the same mathematical object be referred to through a variety
of axiomatic presentations.
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The analysis of sameness of mathematical objects, as we shall call the
constructs of mathematics, points at once to a closely related problem,
one that was first recognized in the philosophy of symbolic logic, but that
has a far wider scope in the philosophy of mathematics, as we argue
below. A presentation of a mathematical system leading up to the defi-
nition of an object is of necessity syntactical, that is, it is given by axioms
and rules of inference. Nonetheless, the axioms and rules of inference
are intended to characterize a class of mathematical objects consisting of
sets with some additional structure (such as groups, manifolds, etc.). Any
set with such an additional structure that satisfies the axioms is said to
be a model for the axioms, and the description of all such models is
customarily said to be the semantic interpretation of the theory. The prob-
lem of identity in mathematics can thus be viewed as the problem of
explaining how disparate syntaxes can nonetheless have the same se-
mantics, that is, the same models.

This paper grew out of recognizing that this duality of presentation,
the syntactical and the semantical, is shared by all mathematical theories
and is not found only in mathematical logic.

In section 2 we survey some examples of the semantic and syntactic
description of existing mathematical theories, including a discussion of
instances where one or the other of these descriptions is not available:
where we may have syntax without semantics, or semantics without syn-
tax. In section 3, we illustrate by examples from recent mathematical
research the variety of axiomatic presentations that can be given to a
single mathematical object. We then return to the original problem in the
light of these examples, and discuss how different formal systems can
describe the same mathematical object. In section 4 we present tentative
conclusions that can be drawn from the analysis of the examples given
in the previous sections.

One conclusion stands out: an adequate understanding of the problem
of mathematical identity requires a new and still missing formal theory
that will describe the mutual relationships that obtain between formal sys-
tems that describe the same objects. At present, such relationships can at
best be heuristically described in terms that invoke some notion of an
“intelligent user standing outside the system”. The new formalization we
are looking for need not reject this notion. We advance two tentative
proposals as to how such a program of formalization might be developed.

In closing, we stress that the problems of referential identity and of
syntax /semantics, though born out of mathematics, are universal to all
of science. This paper deals with a small facet of these problems, and is
intended to stimulate a similar foundational investigation in other sci-
ences, such as physics, biology and psychology.



378 GIAN-CARLO ROTA ET AL.

2. Syntax and Semantics. Syntax and semantics in a formal system are
at present best understood by the one example that gave rise to these
notions, that is, the propositional calculus or Boolean algebra or the the-
ory of distributive lattices, as it has been variously called, and its exten-
sion to the predicate calculus by the addition of quantifiers.

This well-worked out instance is nonetheless too narrow and too ele-
mentary to provide a guide to the general problem of the identity of math-
ematical objects. Our objective is to reach an understanding of the syn-
tax/semantics relationship that views classical logic as one narrow instance,
beyond which the ground can be laid for a theory of identity. We there-
fore begin by listing examples of the roles that syntax and semantics play
in mathematical theory.

Let us first review the paradigmatic instance of mathematical logic.
The algebra of sets, and the fact that sets can be manipulated by algebraic
operations, fascinated mathematicians and philosophers since Leibniz. In
the nineteenth century, in the work of Boole, Schroder, Peirce, Peano
and others, we find the first attempts at axiomatization. The ultimate dis-
tillation of these ideas was the notion of a lattice satisfying the distributive
law; that is, of a syntactic structure consisting of two operations called
join and meet (in symbols, respectively: V, N), satisfying the usual idem-
potent, commutative, associative, and absorption laws, and in addition
satisfying the distributive law (identity)

xV(yNz) =@V y) ANV z). 2.1

It is a great achievement of mathematics to have shown that the distrib-
utive law above gives the syntax, that is, the totality of axioms and rules
of inference, for the structure consisting of a family of sets closed under
unions and intersections. What is more, a canonical set theoretic model
can be constructed for every distributive lattice using only the syntactical
description. Thus, the elementary theory of sets is axiomatized as an al-
gebraic system (in the sense of universal algebra) subject only to identities
(for example, the distributive law), and all models of such an algebraic
system are families of sets with union and intersection of sets representing
V (join) and N (meet). One could not hope for a more definitive way of
getting to the semantics of naive set theory.

This result, first clearly stated by Garrett Birkhoff and Marshall Harvey
Stone, can be viewed as the paradigm for a successful formalization of
a mathematical theory (Birkhoff 1967; Stone 1937). Elementary though
it has become as a result of successive presentations and simplifications,
the theory of distributive lattices represents the ideal instance of a suc-
cessful mathematical theory, namely, a theory where a syntax is specified
with intuitive rules of inference, together with a complete description of
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all models for such a syntax, in this case sets, and what is more, a table
of semantic concepts and syntactic concepts, together with a clear trans-
lation algorithm between the two. Such a algorithm may, for purposes of
the present discussion, be called a “completeness theorem”. Thus the
propositional calculus clearly displays a syntax, a semantics, and even an
algorithmic correlation between the two.

On the blueprint of the propositional calculus there has grown an as
yet unformalized program for a syntax /semantic analysis that in principle
should be applicable to any mathematical theory 7. This program consists
broadly of the following:

(1) A criterion of syntactical equivalence (“cryptomorphism”) ap-
plicable to all possible axiomatic presentations for 7, each axiom
system consisting of axioms and rules of inference. At our pres-
ent state of understanding of formal systems, it is by no means
clear what such a criterion could depend on, even though in
mathematical practice there is never any doubt as to the equiv-
alence of different presentations of the same theory.

(2) A “classification” of the semantic models of the theory 7 inde-
pendent of the choice of a particular axiomatization.

(3) A “completeness theorem” relating truth in all models (“semantic
truth”) to truth as proof from axioms (“syntactic truth”).

It will clarify our understanding of the linkage of syntax and semantics
to contrast this program with examples from the practice of contemporary
mathematics. We begin by listing a few examples of active mathematical
theories in which either the syntax or semantics is missing.

The clear-cut examples are still to be found in logic, and in various
attempts to extend the program of predicate calculus (“non-standard log-
ics”). To take a technical example from present-day mathematical logic,
the syntactical development of the predicate calculus by the Hilbert e-
operator has resisted so far all attempts at semantic interpretation. Briefly,
the Hilbert e-operator is a successful syntactic formalization of the notion
“the individual variable x such that F(x) is true, if any”, where F(x) is
a predicate. Thus, one replaces the sentence (Ix) F(x) by the proposition
F(e(F(x))). (Hilbert and Bernays 1970.) Likewise, before the recent work
of Kripke and others, the semantics of intuitionistic and modal logics
were not understood. These were examples of syntactic structures that
have no semantics. The discovery of their semantics, that is, of all models
of intuitionistic logic, led to a major advance in logic, namely, the re-
alization that intuitionistic logic is a syntactical presentation of Paul Coh-
en’s idea of forcing (Fitting 1970).

Since von Neumann, it has been agreed that closed subspaces of a
Hilbert space are the quantum mechanical analogs of events in the sense
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of probability theory, or propositions in the sense of classical logic. Thus,
the theory of closed subspaces of Hilbert space can be viewed as an el-
ementary semantics of quantum mechanics, much as the propositional
calculus is the elementary semantics of predicate logic. However, the
numerous attempts at developing a “logic of quantum mechanics” have
failed because no one has yet been able to develop a workable syntactical
presentation of the mathematical structure consisting of the events of
quantum mechanics. The proposals of a syntax for quantum mechanics
given by the theory of modular lattices (Birkhoff and von Neumann 1936),
or by the theory of orthomodular lattices (Loomis 1955), have so far met
with little success because their semantics, insofar as it can be said to
exist, does not agree with the actual practice of quantum mechanics.

Throughout mathematics, structures that are semantically described oc-
cur more frequently than structures that are syntactically described. This
is not surprising: the syntax of a structure is developed only when a de-
tached attitude can be taken towards the structure. To focus on syntax
requires a more radical reflection. This comes only after years of research
work have rendered the structure familiar.

The case of mathematical logic, where the syntax was developed before
the semantics, is exceptional because of the unusual history of the subject.
It was relatively easy, after looking at the merely grammatical structures
of language, to focus on the syntactical structures of propositions.

The above examples show that mathematical structures have been stud-
ied which have a developed syntax but whose semantics remains obscure.
An instance of a semantics without syntax—one that has not been pointed
out before, as far as we know—is the theory of multisets. A multiset
(more precisely, a multi-subset) of a set S is a generalization of a subset
of S, where elements are allowed to occur with multiplicity greater than
one. (Thus, a rigorous definition is the following: a multiset is a function
(called “multiplicity”) from the set S to the non-negative integers.) Mul-
tisets can be added and multiplied; however, a simple characterization by
algebraic operations of the family of multisets of a set S—an analog of
what Boolean algebra is for sets—is not known at present. This problem
is of more than academic interest. There is a deep-lying duality between
the algebra of sets and the algebra of multisets that a syntactical descrip-
tion may well elucidate.

Another example of a semantic theory where a formal syntactical pre-
sentation is still missing is ordinary probability theory, despite the fact
that informal syntactical reasoning is common. Statisticians and proba-
bilists employ informal syntactical presentations in thinking and speaking
to each other. For example, when a probabilist thinks of a sequence of
random variables that forms a Markov chain, he reasons and works di-
rectly with such a sequence of random variables, seldom appealing to the
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complex construction of a path space in which such a Markov chain may
be realized. Another example: The statistician who computes with con-
fidence intervals and significance levels seldom appeals to the measure-
theoretic justification of his reasoning. It can be surmised that a syn-
tactical presentation of probability will view joint probability distributions
as playing a role similar to truth-values in the predicate calculus. Kol-
mogorov’s consistency theorem shows how to construct actual random
variables in a sample space whose joint distributions are formalized to be
a given family of consistent distributions. Thus, from this point of view,
Kolmogorov’s theorem should turn out to be the completeness theorem
relating the syntactic and semantic presentations of probability theory.

3. The Variety of Axiomatic Presentations of a Single Object. The
previous examples bring out the distinction between a mathematical ob-
ject (semantic model) and the variety of formal theories (syntactic sys-
tems) by which such an object must of necessity be presented. There need
not be a one-to-one correspondence between axiomatic systems (syntax)
and objects (semantics). We wish to further illustrate this point by ex-
amples from the practice of mathematics. An axiomatic system intended
for a specific previously discovered model may unexpectedly turn out to
have other models, sometimes called non-standard models. Conversely,
a mathematical object may be presented by a variety of cryptomorphic
axiom systems.

It is impossible to spell out all the axiom systems for a given theory.
Think for example of the theory of groups. One is led to introduce several
axiomatizations of the concept of a group, which may even use ternary
or more general operations. When a mathematician devises a new axiom
system for a known theory, say the theory of groups, he is already guided
by a previously intuited notion of group.

We shall not deal here with the problem of how a mathematical concept
is learned: it could have been learned by studying a specific axiom sys-
tem, but also in a variety of other ways. The point is that once a math-
ematician has gained familiarity with the notion of group (say), his un-
derstanding of this notion is not necessarily tied to any particular axiomatic
formulation of the concept of a group. We shall call the understanding
of the notion of group which has been freed from the need of a choice
of an axiom system a pre-axiomatic grasp. Since there is no one group,
but groups come in incredible variety, such a pre-axiomatic grasp of the
notion of group cannot be attributed to familiarity with a single group.
One could argue that such an understanding is derived from familiarity
with several groups and their “common” properties, but this would amount
to begging the question, since familiarity with more than one group pre-
supposes an unstated understanding of the concept of group that permits
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one to recognize several instances as being instances of the same general
mathematical structure.

Although rigorous criteria have been stated for the equivalence of two
axiomatic descriptions of the same object (for example, in first-order logic),
these criteria are often expressed as if the mathematician were suddenly
confronted with the problem of verifying that two previously given sys-
tems of axioms are in fact cryptomorphic. This verification is sometimes
called for, but only rarely. In actual fact, the mathematician normally
confronts two axiom systems when already in full knowledge of the
sameness of their models.

Thus, we are forced to the following conclusion: the fact that a variety
of axiom systems exist for the theory of groups abolishes the presumed
privilege of any one system bringing into being the notion of a group,
but on the contrary presupposes a pre-axiomatic grasp of the notion of
group.

It may be argued that some axiom system or other is indispensable to
the student who is learning group theory. This is true, but the student
will use the axiomatics as a crutch to be forgotten as soon as he gains
familiarity with the theory, much as fluency in speaking French goes hand-
in-hand with forgetting the rules of grammar that have enabled the student
to gain such fluency.

Our argument is meant to demonstrate that the understanding of a math-
ematical concept is not the result of enlightened familiarity with one ax-
iom system given once and for all. A structure such as a topological space
is further investigated and understood by proposing ever new axiom sys-
tems for a topological space (though not only thus); witness the research
papers published in the mathematics journals. To the mathematician, an
axiom system is a new window through which the object, be it a group,
a topological space or the real line, can be viewed from a new and dif-
ferent angle that will reveal heretofore unsuspected possibilities. In saying
this, we are acknowledging the actual practice of mathematics, and we
are not arguing for Platonism: we are not in the least concerned with the
problem of existence of mathematical objects, any more than the gram-
marian is concerned with the problem of existence of the verb or the
adjective. Our argument is meant to show that the problem of the identity
of mathematical objects is not solved, but rther exacerbated, by a doc-
trinaire appeal to axiomatics.

When one works with a specific axiomatic system, one often proceeds
as if the syntax somehow contained the key to its own semantics. But
the examples we have given show a complex interplay between semantics
and syntax, between a mathematical object and the formal systems through
which it is presented.

The real line has been axiomatized in at least six different ways. Math-
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ematicians are still looking for further axiomatizations of the real line,
too many to support the justification of axiomatization by the claim that
we axiomatize only in order to secure the validity of the theory.

Whatever the reasons, the variety of axiomatizations confirms beyond
a doubt that the mathematician thinks of one real line, that is, that the
identity of the object is presupposed and in fact undoubted.

The mathematician’s search for further axiomatizations presupposes the
certainty of the identity of the object, but recognizes that the properties
of the object can never be completely revealed. The mathematician wants
to find out what else the real line can be. He wants ever more perspectives
on one and the same object, and the perspectives of mathematics are
precisely the various axiomatizations, which lead to a variety of syntactic
systems always interpreted as presenting the same object, that is, as hav-
ing the same models.

To state this assertion in another way: if an axiomatic system A is used
to describe a model X, and another axiomatic system B is also used to
describe the same model, the contribution of system B is desirable be-
cause it shows what else X can be besides being what it is shown to be
by A. The contribution of B is desirable not simply because it confirms
what we know about X through A, but because it discloses something else
true about X. It allows X to be more fully presented and to be reidentified
in another context.

At this point we must again point out a discrepancy between the prac-
tice of mathematics and the accounts given of it. Let us again take the
notion of group. It might be thought that a formalization of the notion of
group would answer the need for a unifying classificatory principle for
the plethora of previously existing special groups. In actual fact, how-
ever, the most significant examples of groups were discovered after the
abstract concept of group was singled out by an axiomatization. Even
though mathematicians plan to classify explicitly all models of groups,
for example, all finite groups, nonetheless the practice of mathematics
belies such explicit programs. Instances of mathematical structures for
which all models are found are rare (the most successful in recent memory
being Elie Cartan’s classification of simple Lie groups).

By and large the mathematician’s current view of the classification of
the models of a theory does not correspond to a concept that has been
formalized as yet. In general, a cluster of “intended models” is envis-
aged, around which an unclassifiable variety of unexpected, unwanted,
“non-standard” models is expected eventually to be discovered.

The need for more perspectives on one and the same mathematical
object is not a mere psychological or sociological quirk; it is not merely
a custom or habit mathematicians happen to have. It is part of the for-
mal—we might even say part of the ontological—structure of mathe-
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matics itself. It pertains to the way mathematics is structured, and to the
kind of things that mathematics deals with.

Every axiomatic system has a pretension of definitiveness that is even-
tually belied by the openendedness of the properties of the real line or
other mathematical objects. As the system is understood and worked with,
new considerations appear that call for further research leading to yet
other axiomatics. This openendedness is an ontological property of all
mathematical objects. In making this assertion, we are simply repeating
what one finds out by observing how mathematicians work.

The ever open search for further axiom systems, far from being a purely
sociological and contingent event, is to be taken into account as a con-
stitutive notion in the philosophy of mathematics.

In recent years several philosophers of science have introduced a
“mathematical empiricism” (or. “quasi-empiricism”) as an alternative or
a supplement to a priori interpretations of mathematics (Kitcher 1984;
Lakatos 1976, 1978; Putnam 1979a,b). Our insistence on the plurality of
axiomatic presentations of a single mathematical object also introduces
an empirical element into mathematics: one cannot tell in advance, in an
a priori way, what new presentations will be achieved or in what new
ways the object will be found to appear. The new axiomatizations will
have to be “empirically” discovered and not merely derived from what
we already know. And even when they have been discovered they may
not be derivable from other presentations, but may stand as alternative
views of the same object. Our approach also agrees with Kitcher’s em-
phasis on the actual historical development of mathematics as intrinsic to
mathematics as a science.

4. Conclusion. Our fundamental conclusion is that a full description of
the logical role of a mathematical object lies beyond the reach of the
axiomatic method as it is understood today.

If one accepts our discussion leading to the conclusion that two (or
more) axiom systems for the real line (say) can be recognized to present
the same real line, then one is forced to draw the following consequences:

(1) The real line, or any mathematical object, is not fully given by
any one specific axiom system, nor by any specification of a
finite set of axiom systems.

(2) The totality of possible axiom systems for the real line cannot be
exhaustively spelled out or foreseen. Any mathematical object
allows for an open-ended sequence of presentations by ever new
axiom systems; that is, for the successive development of ever
new axiom systems for what is perceived as one and the same
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object. Each such system is meant to reveal new features of the
mathematical object.

(3) Learning about the real line is not a game played with axioms
whereby skill is developed in drawing consequences. Rather, the
very choice of what properties are to be inferred and of how the
theory is to be organized is from the start guided by a pre-axi-
omatic grasp of the real line. Without a guiding intuition, how-
ever unverbalized, such an axiomatic theory cannot make sense.

(4) Even though the concept may be initially learned by diligently
working through one axiomatic approach, that particular axiom-
atic approach will be shed after familiarity is gained. Thus, in
learning through a particular axiomatic system, a concept is re-
vealed whose full understanding lies literally beyond the reach of
that one system.

We have described how a variety of cryptomorphic axiomatizations
conspire to achieve the identity of the mathematical object. Our method
has been informal and is largely founded on comparison of instances from
mathematical practice. We do not exclude the possibility that the very
method we have followed may itself be subjected to a formal presenta-
tion; indeed we hope that this paper provides both a stimulus and some
resources for such an analysis.

Such a formalization might begin by an understanding of identity through
a phenomenological analysis of the concept of the user of a formal sys-
tem. Can a formal rigorous analysis supplant what used to be a psycho-
logical description of operations intelligently carried out? Can such op-
erations as comparison, theory formation, citation of instances and reference
be encompassed within a formal system? That is, are they themselves
algorithmically representable? We meet here a point of tangency between
the philosophical problem of the identity of mathematical objects, and the
scientific problem (now called the artificial intelligence problem) of building
machines that can perform intelligent functions. Whether such a program
can succeed is at present an open question. Progress on this problem will
depend on better phenomenological descriptions of these operations on
formal systems at a philosophical as well as at an engineering level.

A possible mathematical attack on the problem of identity of mathe-
matical objects could appeal to the category theory of Eilenberg and Mac
Lane (Mac Lane 1973). One can define the category of axiom systems
by taking as objects A, B, etc., the axiom systems themselves, and as
morphisms from A to B the algorithms leading to the verification that
axiom system A is cryptomorphic to a subsystem of B. The real line may
then be identified with this category.

This approach might allow one to express in mathematical terms ques-
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tions relating to axiomatization that have remained unexplored, for ex-
ample: What are the automorphisms of one such category? Are all such
categories “homotopically trivial”?, etc.

Questions such as these have been sidestepped by an excessive reliance
on the separation between theory and metatheory. Does not this distinc-
tion, between theory and metatheory, warrant deeper analysis? Our paper
suggests that it does, and attempts to provide some initial moves to open
this discussion.
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